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Aoki Phasesin Staggered-WIson Fermions Tatsuhiro Misumi

1. Introduction

Recently staggered-based Wilson fermions were proposedtimducing the taste-splitting
mass or the flavored-mass terms into staggered fermfpfs[Lid2 They can be applied to lattice
QCD not only as Wilson fermions but also as an overlap ker@ele possible advantage of these
novel fermions called staggered-Wilson and staggeredagvés reduction of the matrix sizes in the
associated Dirac operators, which leads to reduction ofemiaal costs in lattice QCD simulations.
Thus they may be able to overcome the usual naive-fermisaebkattice fermions in lattice QCD
[B]. The purpose of this work is reveal properties of stagdewilson fermions in terms of the
parity phase structure (Aoki phasg€) [6]. The Aoki phase lierdtaggered-Wilson was first studied
in Ref. [4] and the present paper shows further investigatidhis topic. The existence of the Aoki
phase and the second-order phase boundary in Wilson-titjpe Ilermions indicates that one can
apply them to lattice QCD simulations by tuning a mass patante take a chiral limit. Besides,
the understanding of the parity-broken phase gives pedatiformation for the application of its
overlap and domain-wall versions.

In this paper we elucidate the parity phase structure faygeted-Wilson fermions in the
framework of the Gross-Neveu model and the hopping pararegpansion in the strong-coupling
lattice QCD. We find the gap equations derived from the bo#ioitles show the pion condensate
becomes nonzero in some range of the parameters and the giombs massless on the phase
boundaries. It means the Aoki phase exists and the orderegftise transition is second-order.
We also show we can take the chiral continuum limit in the Gfideveu model by tuning the mass
and the gauge-coupling. These results on the staggeremWiermion incidate we can obtain
one- or two-flavor fermions by tuning the mass parameter anfbpn the lattice QCD simulation
with these fermions as in the Wilson fermion. We note theltesan the Gross-Neveu model is
based on the work by some of the present authdrg [4, 7] whiledhults on the strong-coupling
lattice QCD are the parts of a work in progrelgs [8].

2. Staggered Wilson fermions

We begin with staggered-Wilson fermions in which the fladeneass terms split the four
degenerate tastes in a manner similar to the usual Wilson fEnere are two possible types of the
flavored-mass terms for staggered fermions as

M{Y =& Y N1n2nanaCiCaCaCa = (1@ 1) + Ofa), (2.2)
&m

VICI L CuCv+CuC) = (1® S aw)+O(a), 22

f quzx/g uvNunv(CuCy +CyCp) = ( qu uv) +0(a) (2.2)

whereC, = (Vu +V1) /2, (N)y = (X518, () = (104G, (£ )y = (— 19 Gy,
with (Vy)xy = Upuxdyx+u- In the right hand sides we use the spin-taste represemtasibs ys. We
refer toME1> as the Adams-type amj§2> the Hoelbling-type. The former splits the 4 tastes into two
with positivefn = +1) and the other two with negative= —1) mass while the latter split them into
one with positiveih = +2), two with zerofn = 0) and the other one with negative mamss{ —2).
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Now we introduce the Wilson parametetrd,, and shift the mass for the actions as with Wilson
fermions. Then the Adams-type staggered-Wilson fermidioags given by

S = 3 XD+ 1 (1+ M) + My xy, (2.3)
Xy

with D, = 3(V, —V_,). HereM stands for the usual taste-singlet mabs=£ MJy,). The
Hoelbling-type staggered-Wilson fermion action is given b

St =3 XMuDu+1(2+M?) +Mlyxy. (2.4)
Xy

In the QCD simulation we will tune the mass paramdéfieio take a chiral limit. For some negative
values of the mass parametet: < M < 0 for Adams-type and-2 < M < 0 for Hoelbling-type
with r = 1, we obtain two-flavor and one-flavor overlap fermions resipely by using the overlap
formula.

The potential problem in lattice QCD with these fermionshis breaking of some discrete
symmetries as the shift symmetry caused by the flavored-teass [2,[B]. There has not yet
been a consensus on whether it does harm to lattice QCD veitjgested-Wilson fermions. We
can answer this question partly by studying the Aoki phaseesa clear symptom is expected to
appear in the phase structure if the symmetry breaking thim®ssential properties of QCD. In
the following sections we will find the Aoki phase structuretihe staggered-Wilson fermion is
gualitatively similar to the original Wilson one and theseno disease.

3. Gross-Neveu mode

We first investigate the parity phase diagram for stagg®vdsen fermions by using the = 2
Gross-Neveu model as a toy model of QCD. To study the pionemsate we generalize the usual
staggered Gross-Neveu model to the one withyghype 4-point interaction, which is given by

1 _ —_
S= > Z l”lan(XnJru —anu) + ZXH(M +1(1+Mf))Xn
n.o n

2

- S_N [(;)&/HAXZ/HA)Z + (; (=12 X0 i aXo v in)?, (3.1)
where the two-dimensional coordinate is defined a2+ + Awith sublatticeA = (A1, A2) (A2 =
0,1). In this modely, is aN-component one-spindis)j(j = 1,2,...,N) wherex x = z’j\‘:l)?jxj.
(—1)MtA2 corresponds t6s5 = ¥ @ s in the spinor-taste expression whifg = (—1)MF++u-1
corresponds t@y,. In this dimension the Adams-type and Hoelbling-type fladsmass terms co-
incide and there is only one typé; = 's'ss ~ 1® Y5+ O(a) with I's = —iN1N2 Y symCiCz. This
mass term assigns the positive mass=(+1) to one taste and the negative mass —1) to the
other. With bosonic auxiliary fieldg 4, 14 leading too-meson andr-meson fields, the action is
rewritten as

1 _ _
S= > Z")an(Xnﬂl — Xn—p) + ZXanXn
N n

+ 2%2 ;((Q/V —1-M)?+12,)+ ; Xon a0y +1(=DM2m ) x0 4 ia, (3.2)
: A
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Figure 1. Aoki phase structure for the staggered-Wislon fermion en@ross-Neveu model. A stands for a
parity symmetric phase and B for Aoki phase.

where we take = 1 as the Wilson parameter. After integrating the fermiordfig¢he partition
function and the effective action with these auxiliary fldeson fields) are given by

zz/.@a/@n/e—NSemm, &ﬂzz_};((aw_l_wu )~ TrlogD, (3.3)

With Dnm = (0.y +i (=147, ) &y m + 2 (Gns pum — Gn—pm) + (M )nm. In the large N limit the
partition function is given by the saddle point of the actim? = e %(%:.7) wjith the translation-
invariant solutionsgy, m satisfying the saddle-point equanﬁ'?f“("O T0) 539*%;‘;'“’) = 0. After
some calculation process to derive the fermion determiffinie obtaln the concrete forms of the

saddle-point equations in the momentum space

go—1-M 4/ dk2 0o(0% + g + ) — ¢4C50p (3.4
g2 2 ((go+€1C2)2+ B+ ) ((0o — C1C2)2 + T+ &) '
B_af dkz (05 + 16+ %) + AT 3.5)
0 (2m)2 ((0o + C102)2 + 18+ ) ((00 — C162)% + TR+ <) '

with ¢, = cosk, /2 ands,, = sink, /2. Now what we are interested in is the parity phase diagram
in this theory. The parity phase boundawy(g?) is derived by imposingp = 0 in (3.4)(3.F) after
the overallrp being removed in the second one. Then the gap equationsvare gy

l+ MC o dk2 ZCZ%O'Q
g— 4/ (UO+C102 + Tl§+52 00_01C2)2+r6_’_32)7 (3.6)
= dk2 05 + 5"+ cics
il 4/ ((00+€1C2)2 + T8 + ) (0o — C1C2)2 + TR + ) (3.7)

By removing gy in these equations, we derive the phase boundiétg?). The result is shown
in Fig.[1. It indicates the parity phase structure in the ggagd-Wilson fermion is qualitatively
similar to the usual Wilson casg] [6] reflecting the mass tamjtof tastes given by the flavored
mass. We also check the pion mass becomes zero on the sedengloase boundary as

2 O %St 525eff

(mHM:MC Vo Im=m, = 0. (3.8)

whereS. = VS with V being the volume.
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We next consider the chiral and continuum limit of the stagdeVilson Gross-Neveu models.
The strategy is to expand the fermion determinant in thetjie potential in Eq.[(3]3) with respect
to the lattice spacing. After some calculations (See details in Rf. [4]) we obthia effective
potential remaining in the limia — O,

M+1/a 2
95

S =—( C1)00+< ~Cot ~log4e?) 18

+<2i2—00+202+ Iog4az)ao+1 0%+ 1) log2—2 0+T§ (3.9)
95

with the three numbers &% = 1.177,C; = —0.896 andC, = 0.404. Here the chiral symmetry is
encoded as the rotational symmetry betwegrand p; thus, the chiral limit means restoring this
symmetry by tuning the parameters. In this model we needdntre two independent coupling
constantg? andg? to restore the symmetry although the necessity of two coggplis just a model
artifact. The tuned point for the chiral limit witho@(a) corrections is

203 g
M=-=2C—1, g =g 3.10
To take the continuum limit we introduce theparameter asé?\ = exp L’—ZTCO ~TCo— 75 } Then
the coupling renormalization for the chiral and continuumit is given by
1 1 1 1 ~ 1 1
2C I —— — = =1 —— | . 3.11
sz~ Co— Xzt 7 log <4A2a2> o = Gt Rlo9 <4A2a2> (3.11)

where we keep\ finite when taking the continuum limé — 0. Finally the renormalized effective
potential in the chiral and continuum limit is given by

&io oo+n§ log °+”§, (3.12)

This wine-bottle potential yields the spontaneous brepkihthe rotational symmetry. We have
shown that the chirally-symmetric continuum limit can bketa by fine-tuning a mass parameter
and two coupling constants in the staggered-Wilson GrasgelN model. Considering that the
necessity of the two coupling constants is just a modelaattitthis result indicates we can take a
chiral limit by tuning only the mass parameter as in the Wilermion. Indeed, our results on the
chiral and continuum limit for staggered-Wilson are alntbstsame as the Wilson casg [6].

4. Strong-coupling QCD

In this section we investigate the Aoki phase structure fticea QCD with the staggered-
Wilson fermion in the framework of the hopping parameteraggion (HPE) in the strong-coupling
regime. For simplicity we concentrate on the Hoelblingetylpttice fermion here, but we can
also make the same analysis in a parallel way for the Adapes-ftgrmion. To perform the HPE
for the Hoelbling-type fermion, we rewrite the actidn {21) redefiningy — V2K x with K =
1/[2(M + 2r)],

S=3 XaXx+ 2K ZXx nuDu)xyXy+2KrZXx (Mf)xyXy- (4.1)

X
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Figure 2: (Left):Feynman rules for the HPE. (Center):one point fisrct (Right):two point function.

In Fig. [2(Left) we write down the Feynman rules in the HPE faistfermion. Now we derive
chiral and pion condensates from the one-point functiomefheson operator#y = Xxxx) in the
mean-field approximation. The equation for the one-pointfion is obtained in a self-consistent
way as shown in Fig] 2(Center),

1
—X = (M) = (J//x>0+2Kzzzx+ﬂzx— 2. ﬂ(Kr)z ; 2yt 40 (4.2)
m HFv

where we drop the link variable since we work in the strongpting limit. Other diagrams are
found to vanish due to the grassman properties and the taimebetween the diagrams. Here we
solve this as a self-consistent equation for the condensatighin the mean-field approximation.
For our purpose we assunig = 0y + &7k, Whereoy and 15, correspond to the chiral and pion
condensates. We substitute this forn2gfin Eq. (4.2) and obtain the self-consistent equation

— (0 +igm) = —1+2K?. 4 (0% + 1?) - 2 2—14(Kr)2-4-3(0+ ig1)?, (4.3)

which yields—o = —1+16K?m? and—inm= —8K2-2ig . Here we have set= 21/2 for simplicity.
We have two solutions depending on whetlret 0 or rr= 0: For r= 0 we have a trivial solution
o = 1. Form# 0 we have a non-trivial solution as

1 1 1
L 1-—). 4.4
97 2 \/16K2 < 16K2> (44)

In this solution the pion condensate is non-zero anddttggns indicate the spontaneous parity
breaking. This parity-broken phase (Aoki phase) appeaitseimange of the hopping parameter or
the mass parameter pK |> 1/4 or equivalently—4v/2 -2 <M < —4v/2+ 2.

We next discuss the two-point function of the meson operato®, x) = .#.#x. From Fig.
A(Right) we derive the following equation for two point fuion. (other diagrams vanish again.)

Z(0,%) = (XEXGXEXD) = —oxNe + K?(xuxﬁ)?i’xb

2
+ [ 2Kri X2 ox2 o XPxD). 4.5
( 3 \@> i‘;V<Xy+va+vaXx> (4.5)
(U#v)
Then the self-consistent equation fgt is given in the momentum space as

S (p) = —Ne+ [—KZZ (e7'Pu 4 gPu)
o

2
<2Kr \/_) ; (e_i(pu+pv)_|_ei(pu+pv)_|_e_i(pu—pv)_|_ei(pu—pv)):|§ﬂ(p)‘ (46)
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We finally obtain the meson propagator as
-1

1 2
> ; cospycospy —1| . 4.7)
UFAV

23V/3

The pole of.(p) gives the meson mass. Remembenggdn the staggered fermion is given by
& = (—1)*t% and the pion operator is given by = xxi&Xx, it is obvious that the momentum
of the pion should be measured from the shifted orjgia (71, 17, 77, 71). Thus we sep = (imza+

m, 11, 11, 71) for 1/.7(p) = 0 in (4.7), which gives the pion mass; as

1—16K?

6K2
In this result the pion mass becomes tachyonic in the raikge> 1/4. It indicates there occurs
a phase transition between parity-symmetric and brokesgshatK| = 1/4, which is consistent
with the result on the condensates in Hq.|(4.4). The reasgrthehpion has tachyonic mass in the
parity-broken phase in the HPE is the vacuum we work on is rayigy. To derive the pion mass
in this phase we need to analyze the effective potentialchvve will show in the full papef]8].

Z(p) = Ne|—2K?2 Zcospu +4 <2Kr
[

cosimza) =1+ (4.8)

5. Summary

In this paper we study the Gross-Neveu model and the strongliag lattice QCD with stag-
gered Wilson fermions with emphasis on the Aoki phase siract We have shown the parity
broken phase and the second order phase boundary existstatigered-Wilson fermions as with
the Wilson fermion. Our results indicate that we can appéydfaggered Wilson fermions to lattice
QCD simulations by mass parameter tuning, where we derigelamor fermion in the Hoelbling-
type and two-flavor fermions in the Adams-type fermions. Seheesults also indirectly suggest the
applicability of the staggered overlap and staggered dewail fermions to lattice QCD. We note
our results on the Aoki phase diagram exhibit no diseasedalaediscrete symmetry breaking.
It implies the symmetry breaking, for example breaking a #hift symmetry, does no harm to
a QCD simulation with the staggered-Wilson fermion, whisttonsistent with the results in the
lattice perturbation inJZ] 3]. In the full paper we also diss the parity-flavor phase structure in the
case of the two flavor QCD. The analysis is parallel, and wefimidl a spontaneous parity-flavor
breaking as in the Wilson fermion.
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